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2. Koristeéi tabelu 10.1. osnovnih neodredjenih integrala i njihove osobine,
resiti sledeée integrale:

(a)/ sinx+4eX—§)dx; (b) /3x3—|—5x2—4x+7)dx;

© / S = V) d
3sin’x+5 23«

. . Z_d

© / 1+x2 ax; ® / © cos?x s (@) / 3

Resenje:

(@)
/(sinx+4ex—3) dx:/sinxdx—l—/4exdx—/3dx
X X

I
:/sinxdx+4/exdx—3/;dx:—cosx+4ex—3ln]x]—|—C;
(b)
/(3x3+5x2—4x+7)dx:/3x3dx+/5x2dx—/4xdx+/7dx

3 5
:3/x3dx+5/x2dx—4/xdx+7/dx: Zx4+§x3—2x2+7x+c;

(©

3-8 2 1
/X x 2x T dx —/xzdx—/xdx—8/dx+/fdx
X X

3 2 2
—2/x_2dx= x——x——8x+ln|x|+f+c;
3 2 X

(d)

/(G/fe—k 51%— B x2004> dx = /x% d)H—/)c*%dx—/)c%ggg dx
3, 2005 s
_2YA /4009 1 -
4 SV 4009 %
(e)

1-1
1—|—x2 _/x—l— dx —/dx /1dx =x—arctgx+C;



212 Glava 10. Neodredjeni integral

®

. 2 _
/3s1n x+5 dx:/3(1 cos’x) dx_S/
cosZx cos2x

=8tgx—3x+C;

dx—3/dx

(&)
ide— 8xdx—/<2)xdx:1nlg (g)x+c.

3. Koristeci se metodom smene resiti integrale:

(a) / sin(5x) dx; (b) / e 7 dx; () / 7xi— de
6
(e) /(S—x)de; (H) /xcos(3x2+2)dx;
2 —x+2 1
® [eone s [ 0 [ g

2x+5 . X +5x-3 e
0 /x2+2x+10dx (k)/ Goap @ /ex—ldx’

sinx—cosx V2/x+5

’

sinx+cosx

1 2tg X
I
@ /xlnx In(Inx) e /coszxd

Resenje:
(a)
= 1 1
/sin(Sx)dx: [ d;:?;x ] = g/sintdt:—g cost+C
1
=-3 cos(5x) 4+ C;
(b)
—4x+7 . = —4x+7 1 ' _l '
/e dx_[dt:—4dx =—7 edt= 4e+C
1
— _7ef4x+7 +C,

4
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©

t="T7x+8 371 3
- =2 [ Zdt=2ml]+C
[ ] 7/z 7 Inll+

T+ 8T | dr=7dx

3
= ?ln\7x+8\ +C;

(d)

t=x-—1

/x dx=| x=1t+1 :/—dt /dt+/ dt
x—1

dt =dx
=t+Injt|+C=x—1+Injx—1|+C;

(e

/(56)6)2dx: [ ;t:::d); _ :—6/t12dt:f+C: 5Ex+c;
v [ 1=3x"+2 1
/xcos(3x2+2)dx: _ dt_:x6x—;x } = g/cosldt
= %sin(3x2 +2)+C;
(2 -
/(xl)é‘z_zx“dx:[dt__x (__xfrdx} 2/ ¢ dt
= %e"z‘zx“ +C;
® —x+2 t=x>—4x—7
/)MH"XZ[df:_ 2(—x+2)d ]— 2]

1
= f§1n|x274x77|+C;

1
—  _dx= - -
/x2+2x+10 * /( +1)2+9 9/

=l 1 1 1 x+1
[dtz%dx} 3/z2+1dt 3arCtg< 3 )+C’

®
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()]
2%45 242 1
AT = [T ey [y
/x2+2x+10 o /x2+2x+10 ot /x2+2x+10 o

. t=x>+2x+10 primer
| dt=(2x+2)dx |’ | pod (i)

1
= In(x* +2x+ 10) + arctg (%) +C;

)

2 _ t=x-2 2 _
/x +5x 3dx: =142 _/(t+2) +5(t+2) 3dt

_ 2 - 2
(x=2) dt = dx t

+9r+11 1 1
:/Jrgfdrz/dzw/dzﬂl/zdz
t t t

1 11
:t—s—9ln|t\—11;+C:x_2+91n’x_2‘_72+c;
x_

@
/efildx: { dt::exex_di } _ /161;:111;&— 1| +C;
(m)
[ e = ! S oy | =7
= —In|sinx+ cosx| +C;

()

— L
dt—ﬁdx

/\/po [ r=2yx+5 :/\ﬁdtzit\ﬁ—kc

SIS

(2vVx+5)1/2Vx+5+C;
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(0)
t—2\/+5
t—5\2
/\f\/2f+5dx_ xlex _/ﬁ( _ ) di
VX
1 5 3 1 1/2 1 s 50 3
:Z/(t2—10t2+25t2)dt—Z<7t2—4t2+?t2>+c
1 7 s 25 3
:ﬁ(z\/)ﬂS)z —(2vx+5)2 + g(2\f+5)z
()
Inx | t=Inx 2
/Td [dt }Cdx} /tdt In”|x|+C
(@
In*% x t=Inx 42005 2006
/ y = [dt ldx} / 1= 3006 ™ PIHC
(r)

1 t =In(Inx
e dx = 1 ‘1 1 ’
/xlnxln(lnx) dx [ dr = -1 dx} / dt =1In n’ n|x|‘ +C;

xInx

(s)

2lgx t—tgx
= d L L S
/coszx . [dr 1 ] / m2- C 2"

4. Koristeéi formulu za parcijalnu integraciju izracunati sledece integrale:

(a) /x sinxdx; (b) /(2x—5) cosxdx; (c¢) /x2exdx;
(d) / (3x2 —5x4+6)ev dx; (o) / x Inxdx; ) / 9 Inxdx:
(2) / Inxdx; (h) / arctg xdx; @) / xarctg xdx;

@) /ex sinxdx; &) /\/ 1 —x2dx; 0)) /\/ 1 +x2dx.

Resenje:



216 Glava 10. Neodredjeni integral

(a)

. u=x, du=dx
x sinxdx = . = —xcosx+ | cosxdx
dv =sinxdx, v= —cosx

= —xcosx+sinx+C;
(b)

dv =cosxdx, v=sinx

/(2x—5) cosxdx — [ u=2x—5,du=2dx ]

=(2x-5) sinx—2/sinxdx: (2x—5) sinx+2cosx+C;

(©

2
2 | u=x%, du=2xdx
/x ede_[ dv=é‘dx,v=2¢" ]

:xzex—2/xexdx: [ u=x, du=dx ]

dv=e¢dx,v=¢"
:xzeX—Z(xe"—/e"dx):xzex—erx—i-Zex—i-C;
(d)

_ st . | u=3x>—5x+6, du= (6x—>5)dx
/(3)(2 5x+6)e dx = |: dv:e4"’1dx, y— %e4x,1

1 1
= Z(3x2 —5x+6)er ! — 1/(6x—5)e4x_1 dx

_[ u=6x—>5, du=6dx ] 1
B 4

_ _ 2 4x—1
dv =" dx, v=1eb 1 | T (3x°—5x+6)¢

171 3
—Z{Z(6x—5)e4"’l —§/e4x’1dx} =G - —x+t ) e 4G

(e)

=Inx, du=1d 2 2 ]
/xlnxdx: =, du xxzx - [ e
dv=xdx,v="7%5 X

2 1 2
= %lnx—i/xdx: ol lnx—fxz—i-C;
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()
=lInx, du= Lax x2006 x2006 1
(2005 o | M X — Inx— 2d
/ e = 20054y =22 | 2006 ) 2006x"
2006 2006 2006
Inx— X005 gy = = u o
~ 2006 2006/ 2006 ™ (200672

(@

= =1 1
/lnxa’x: w=lnx, du=;dx :xlnx—/xfdx:xlnx—x—l—C;
dv=dx,v=x X

()

_ —_1_
/arctg xdx = [ u=arctg x, du = -z dx ] = xarctg x—/

*d
dv=dx,v=x 1+ x2

=142
| dt =2xdx

1 1 1
} :xarctgx—5/;dt:xarctgx—iln(l—i-xZ)—i-C;

1)
—arctgx, du= —5d
/xarctgxdx: [ AL du I x]

dv=xdx,v="%
—arctgx—f/le 5 arctgx—f/ 1+x2
tgx— 2 + L arctg x+C;
2arch 5 tyarctgx
()
/exsinxdx: u:.ex7 du= e dx
dv =sinxdx, v= —cosx

:—fcosx+/excosxdx: [ u=e', du=e'dx }

dv =cosxdx, v=sinx
= —€' cosx+e€" sinx— /ex sinxdx.
Ako uporedimo pocetni integral i poslednji izraz, imamo da je

/ex sinxdx = (sinx —cosx)e* — /ex sinxdx,
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Sto ako integral s desne strane prebacimo na levu postaje
Z/e)C sinxdx = (sinx — cosx) ',

odakle dobijamo da je konacno reSenje:

1

/e" sinxdx = 5 (sinx—cosx)e' +C;

(k) Uradimo prvo metodom smene naredni integral:

12
dx:[ r=1-x ]_ /—dt Vi-2+cC.

dt = —2xdx

X
V1—x2

Izracunati integral upotrebi¢emo u narednom radu:

/ﬂdx-

1 X
= dx—/x dx
V1 —x2 V1—x? 1—x2

B u=x, du=dx
- dv:ﬁdx, v=—V1-—x?
:arcsinx—i-xx/l—xz—/\/l—xzdx.

Uporedimo li integral koji Zelimo da reSimo sa poslednjim izrazom
imamo da je:

1 1
/\/ 1—x2dx= Earcsinx—k Exv 1-x2+C;

(1) Imamo da je

1 X
\/1+x2dx:/ dx+/x7dx
/ V142 vV 1+x2
[ u=x, du=dx
= _ 2
dv-\/rdx v=vV1+x

=Inlx+ \/l—l—x2|—|—x\/1—|—x2—/\/1—|—x2dx.

Uporedimo li pocetni i krajni izraz imamo da je

/\/1+x2dx = %(m x4+ V1+x*+xv1 +x2> +C.
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6. Resiti sledeée integrale trigonometrijskih funkcija:

(a) /tgxdx; (b) /sin3xcosxdx;

(©) / cos* x sin’ xdx; (d) / sin® xdx; (e) / cos® xdx;
® / sin’ xdx; (2) / cos’ xdx; (h) / sin* xdx;
(1) /cos4xdx; Q) /sinzxcoszxdx;

k) / tg2xdx; 0 / de; (m) / de.
Resenje:

(a)
sinx t =cosx 1
/thdx_/cosxd [dt:—sinxdx}__/zdt
= —In|t|+C = —In|cosx|+C;
(b)
4

/sin3xcosxdx: [ f=sinx } :/t3dt:Z+C: S x+c;

dt = cosxdx 4

©

/cos4x sin’ xdx = /cos4x sin® x sinxdx

= /cos4x(1 —cos?x) sinxdx = /(cos4x—cosﬁx) sinxdx

R

. f =cosx _ 4 6 I
_[dt——sinxdx}_ /(’ Mdt=—5 5 +C

cos’x  cos’x

5—1_7+

) 1 —cos(2x) 1 cos(2x)
2 f— — pr— —_ -_—
/sm xdx = / > dx / 5 dx / > dx

r=2 1 1
—[ 2dx} /dx— /co d Y fx—zsm(2x)+C

1 2 1 1
/coszxdx:/de: §x+zsin(2x)+C;

(d)

(e
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®
/sin3xdx = /sinzx sinxdx = /(1 — cos®x) sinxdx

t=cosx
= /smxdx /cos xsinxdx = .
dt = —sinxdx

S3X

+C;

co
= —cosx+/t2dt = —Ccosx-+

(@

sin’ x

/cos3xdx:/cosxdx—/sinzxcosxdx:sinx— 3 +C;

(h)
/sin4xdx:/(sm x)? dx_/(l—czs (2%) 4/dx

1 1 1 1
—E/cos(Zx) dx+ 7 /cos2(2x) dx= PR sin(2x)

11 4 301 1
+4/+C°S(’C)dx: S sin(24) + - sin(dx) +C;

1)
/cos4xdx = §x+ lsin(2x) 1 sin(4x) 4 C;
8 4 32

(G) Inacin.

/sinzx cos? xdx = /sinzx(l —sinzx)dx:/sinzxdx—/sin4xdx

1 1
= 5 sin(4x) +C;

II nacin.

11— 4
7/ C(;S( X) I

1
/sinzxcoszxdx:/Zsin2(2x)dx: 2

1 1 .
=gt 3—2$1n(4x) +C;
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(k)
) 2
1— 1
/tgzxdx:/smfdx:/ﬂdx:/ 5 dx—/dx
COS? X cos?x cos?x
=tgx—x+C;
1) _
/\/1—x2dx: X = s :/\/l—sinztcostdt
dx = costdt
) | S 1 . 1. .
= /cos tdt = EH_ ) sin(2t) +C = 3 arcsinx + 7 sin(2arcsinx) + C;
(m)
g X = 2sint . X . X
/\/4 xX?dx = [ dr — 2 costdr ] —2arcs1n2 +s1n(2arcs1n2)+C.
7. Resiti sledeée integrale trigonometrijskih racionalnih funkcija:

@ / ) ) / sinx

cosx’ 2+ cosx v

sinx + cosx cosx
© [P @ [

14 cosx sinx -+ cosxsinx
Resenje:

(a) Koriste¢i smenu ¢ = tgg dobijamo:

dx _ / 1+l‘2 dt —
cosx = f2 1 —
Vidimo da smo pocetni integral datom smenom sveli na integral racionalne
funkcije, pa dalje reSavamo na ve¢ poznat nacin:

/1—t2 t—/—l_ dt+/—dt

Resavajudi sistem:

A+B = 2
A-B = 0

izraCunavamo da je A = B =1, pa je pocCetni integral

d 1+1g5
[l —f+ |14+ C=In| 52|t C
cosXx I —1g5
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(b) Imamo da je

2t

sinx dx:[tg{:t}:/ iz 2

dt
1—12 2
24 cosx 2+1 - 1+t

4t At+B Ct+D
= —  _dt= ——dt ——dt
/ 3+12)(1+12) ( 3+12 1+172 ):

1 1
odakle resavajuci sistem dobijamo da je A = _E’B =0,C= E’D =0,
paje .

sinx
=-2 5 dt
2—|—Cosx /3 2 / 1+
1+ 1+1g%3
=In——+C=1 G
3ra T n3+tg2§+
(¢) Izvrsimo li poznatu smenu, imamo da je
I G 2

smx+cosx / 2 T iz 2dt __/t —2t—2dt
“14cosx 1+}%§ 1+2 2+1

Polinom u brojiocu i imeniocu razlomka su istog stepena, pa nakon
deljenja dobijamo:

—2t—2 2t
— dt+2 dt: —t dt
/ t2+1 / I+ / +/f2—|—1

dt
+2/ﬁ:—t+ln(l+lz)+2arctgt +C

=—tg = +1n(1+tg )+x+C

(d)

1—12

cosx T2 2 1—12
/ sinx+cosxsinx - / 2t 11+t2 =2\ 1472 di = 2t dt
e (14 50)

1 12 1 X 1 X
= _Inft|——+C=-Inlrg=|— - -1~ +C.
2n|| 4+C 2n\gz| ) g2+C

8. Koriste¢i metod Ostrogradskog izracunati sledeée integrale:

2
()/3x +5 dx. (b / x*+5x+6 dx:

2% —
Vx242x-3 © /\/x2+2x+



